Abstract. This paper presents the design, analysis, and experimental validation of the passive case of a variable stiffness suspension system. The central concept is based on a recently designed variable stiffness mechanism. It consists of a horizontal control strut and a vertical strut. The main idea is to vary the load transfer ratio by moving the location of the point of attachment of the vertical strut to the car body. This movement is controlled passively using the horizontal strut. The system is analyzed using an L 2 -gain analysis based on the concept of energy dissipation. The analyses, simulation, and experimental results show that the variable stiffness suspension achieves better performance than the constant stiffness counterpart. The performance criteria used are; ride comfort, characterized by the car body acceleration, suspension deflection, and road holding, characterized by tire deflection.
Introduction
Improvements over passive suspension designs is an active area of research, as documented by the works of Alkhatib et al. (2004) ; Williams (1997) ; Butsuen (1989) ; Tseng and Hedrick (1994) ; Kortum (1998, 2001) ; Karnopp et al. (1974) ; Karnopp (1983) ; Karnopp and Heess (1991) ; Evers et al. (2011) ; van der Knaap et al. (2008) . Past approaches utilize one of three techniques (Ashfak et al., 2011) ; adaptive (Fialho and Balas, 2002) , semi-active (Do et al., 2010; Butsuen, 1989) or fully active suspension (Williams et al., 1993 ). An adaptive suspension utilizes a passive spring and an adjustable damper with slow response to improve the control of ride comfort and road holding. A semi-active suspension is similar, except that the adjustable damper has a faster response and the damping force is controlled in realtime. A fully active suspension replaces the damper with a hydraulic actuator, or other types of actuators such as electromagnetic actuators, which can achieve optimum vehicle control, but at the cost of design complexity, expense, etc. The fully active suspension is also not fail-safe in the sense that performance degradation results whenever the control fails, which may be due to either mechanical, electrical, or software failures. Recently, research in semi-active suspensions has continued to advance with respect to capabilities, narrowing the gap between semi-active and fully active suspension systems. Today, semi-active suspensions (e.g. using Magneto-Rheological (MR) (Ashfak et al., 2011) , ElectroRheological (ER) (Sung et al., 2007) etc.) are widely used in the automobile industry due to their small weight and volume, as well as low energy consumption compared to purely active suspension systems.
However, most semi-active suspension systems are designed to only vary the damping coefficient of the shock absorber while keeping the stiffness constant. Meanwhile, in suspension optimization, both the damping coefficient and the spring rate of the suspension elements are usually used as optimization arguments. Therefore, a semi-active suspension system that varies both the stiffness and damping of the suspension element could provide more flexibility in balancing competing design objectives. Suspension designs that exhibit variable stiffness phenomenon are few in literature considering the vast amount of researches that has been done on semi-active suspension designs. van der Knaap (1989) ; Venhovens and van der Knaap (1995) ; Evers et al. (2011) designed a variable geometry actuator for vehicle suspension
Published by Copernicus Publications. (DAS) . Although, the intention of the design was not to vary the stiffness of the suspension system, the design used a variable geometry concept to vary the suspension force by effectively changing the stiffness of the suspension system. The basic idea behind the DAS concept is based on a wishbone which can be rotated over an angle and is connected to a pretensioned spring at a variable location. The spring pretension generates an effective actuator force, which can be manipulated by changing the position. This was achieved using an electric motor. Jerz (1971) invented a variable stiffness suspension system which includes two springs connected in series. One of the springs is stiffer than the other. Under normal load conditions, the softer spring is responsible for keeping a good ride comfort. Upon the imposition of heavier load forces, the vehicle is supported more stiffly and primarily by the stronger spring. Conversion between the two conditions was done automatically by engagement under heavy load conditions of a pair of stop shoulders acting to limit the compression of the light spring. Similarly, upon excessive extension of the springs, an additional set of stop shoulders are engaged automatically to limit the amount of extension of the softer spring and causes the stiffer spring to resist further extension. Kobori proposed a variable stiffness system to suppress a buildings' responses to earthquakes (Kobori et al., 1993) . The aim was to achieve a non-stationary and no-resonant state during earthquakes. Youn and Hac used an air spring in a suspension system to vary the stiffness among three discrete values (Youn and Hac, 1995) . Liu et al. (2008) proposed a suspension system which uses two controllable dampers and two constant springs to achieve variable stiffness and damping. A Voigt element and a spring in series are used to control system stiffness. The Voigt element is comprised of a controllable damper and a constant spring. The equivalent stiffness of the whole system is changed by controlling the damper in the Voigt element. This paper presents the design and analysis of the passive case of a variable stiffness suspension system. The variation of stiffness concept used in this chapter uses the "reciprocal actuation" (Anubi et al., 2010) to effectively transfer energy between a vertical traditional strut and a horizontal oscillating control mass, thereby improving the energy dissipation of the overall suspension. Due to the relatively fewer number of moving parts, the concept can easily be incorporated into existing traditional front and rear suspension designs. An implementation with a double wishbone is shown in this paper. The rest of this paper is organized as follows. In Sect. 2, the variable stiffness concept is described, and the variable stiffness suspension system introduced. A detailed analysis of the system is presented in Sect. 3. Section 3.3 describes the analysis of the passive case. Experimental results are given in Sect. 4. Time domain and frequency domain simulation results are presented in Sect. 5. The conclusion follows in Sect. 6. 
System description
This section gives a detailed description of the variable stiffness concept, the overall system, its incorporation in a vehicle suspension, and the resulting system dynamic model.
Variable stiffness concept
The variable stiffness mechanism concept is shown in Fig. 1 . The Lever arm OA, of length L, is pinned at a fixed point O and free to rotate about O. The spring AB is pinned to the lever arm at A and is free to rotate about A. The other end B of the spring is free to translate horizontally as shown by the double headed arrow. It is also free to rotate about point B. Without loss of generality, the external force F is assumed to act vertically upwards at point A. d is the horizontal distance of B from O. The idea is to vary the overall stiffness of the system by letting d vary passively under the influence of a horizontal spring-damper system (not shown in the figure). Let k and l 0 be the spring constant and the free length of the spring AB respectively, and ∆ the vertical displacement of the point A. The overall free length ∆ 0 of the mechanism is defined as the value of ∆ when no external force is acting on the mechanism.
Mechanism description
The suspension system considered is shown in Fig. 2 . The schematic diagram is shown in Fig. 3 . The model is composed of a quarter car body, wheel assembly, two springdamper systems, road disturbance, and lower and upper wishbones. The points O, A, and B are the same as shown in the variable stiffness mechanism of Fig. 1 . The horizontal control force u controls the position d of the control mass m d which, in turn, controls the overall stiffness of the mechanism. The tire is modeled as a linear spring of spring constant k t . The assumptions adopted in Fig. 3 are summarized as follows:
1. The lateral displacement of the sprung mass is neglected, i.e only the vertical displacement y s is considered.
2. The wheel camber angle is zero at the equilibrium position and its variation is negligible throughout the system trajectory.
3. The springs and tire deflections are in the linear regions of their operating ranges.
Equations of motion
be defined as the generalized coordinates. The equations of motion, derived using Lagrange's method, are then given by
where 
r(t) is the road displacement signal. It is a function of the road profile and the vehicle velocity. The terms ρ s and ρ t characterize the compression of the vertical strut and tire springs respectively. They are defined as the instantaneous length divided by its free length.
Properties
The following properties of the dynamics given in Eq. (2) are exploited in subsequent analyses:
1. The inertia matrix M(θ) is symmetric, positive definite. Also, since each element of M(θ) can be bounded below and above by positive constants, it follows that the eigenvalues, hence the singular values of M(θ) can also be bounded by constants. Thus, there exists m 1 , m 2 ∈ R + such that
2. C(θ,θ) can be upper bounded as follows
Also, there exist a matrix V m (θ,θ) such that C(θ,θ) = V m (θ,θ)q and
The property in Eq. (6) is the usual skew symmetric property of the Coriolis/centripetal matrix of Lagrange dynamics (Lewis et al., 2004) .
3. The damping matrix B(θ) is symmetric and positive semi definite. Also, there exists positive definite matrices B andB such that
4. The stiffness vector K(q) is Lipschitz continuous, i.e. there exists a positive constant k 2 such that
5. The unique static equilibrium point q 0 = y s 0 θ 0 d 0 T of the undisturbed system is known and is given by
System analysis
This section presents the finite-gain stability analysis of the system described in the previous section. The disturbance d r in Eq. (2) is assumed to be unknown a priori but bounded in the sense that d r ∈ L 2 . As a result, robust optimal control is considered in which the gain of the system is optimized under worst excitations: Ball and Helton (1989) ; Helton and James (1999) ; Soravia (1996); van der Schaft (1996) . The following definition describes the notion of stability used in the subsequent analyses.
Finite-Gain L-Stable (van der Schaft, 1996) Consider the nonlinear systeṁ
where x ∈ R n , w ∈ R p , z ∈ R m are the state, input, and output vectors, respectively. The system in Eq. (10), with the map-
where . L denotes the L norm of a signal, and L n e is the extended L space defined as
where χ τ is a truncation of χ given as
For the purpose of this paper, the L 2 -space is considered, hence the finite-gain L-stability condition in Eq. (11) is rewritten as (van der Schaft, 1996)
where . 2 denotes the L 2 norm of a signal given by
γ * = inf {γ| M H (w) 2 ≤ γ w 2 + β} is the gain of the system, and, in the case of linear quadratic problems, is the H ∞ norm of the system. Given an attenuation level γ > 0, and the corresponding system dynamics, the objective is to show that Eq. (14) is satisfied for some β > 0. This solution is approached from the perspective of dissipative systems (Ball and Helton, 1989; van der Schaft, 1996) . The following definition describes the concept of dissipativity with respect to the system in Eq. (10).
Dissipativity
The dynamics system Eq. (10) is dissipative with respect to a given supply rate s(w, z) ∈ R, if there exists an energy function V(x) ≥ 0 such that, for all x(t 0 ) = x 0 and t f ≥ t 0 ,
If the supply rate is taken as
then the dissipation inequality in Eq. (16) implies finite-gain L-stability (van der Schaft, 1996) , and the system is said to be γ-dissipative. The dissipativity inequality is then written aṡ
Performance objective
As usual with suspension systems designs, the performance criterion is expressed in terms of the ride comfort, suspension deflection, and dynamic tire force. The performance vector
characterizes the ride comfort, suspension deflection, and road holding performances, where ω 1 , ω 2 , and ω 3 are the respective user specified performance weights for car body acceleration y cba , suspension deflection y sd , and dynamic tire force y dtf . The ride comfort is characterized by the car body accelerationÿ s which is approximated using the following high gain observer (Khalil, 1996) :
where
The L 2 -norm of the car body acceleration can be upper bounded as (Khalil, 1996) y cba 2 ≤ c 1 ẏ s 2 ≤ c 1 ė 2 ,
and P is the solution of the Lyapunov equation PA+A T P+I = 0, which is obtained as
The suspension deflection is given as
Using the Cauchy-Schwarz inequality, y sd (t) can be upper bounded as
where k 41 , k 42 , and k 4 are positive constants, and
The dynamic tire force is characterized using the tire deflection and is given by
where k 5 is a positive constant. Using the Cauchy-Schwarz inequality, y dtf (t) can be upper bounded as
Finally, the L 2 -norm of the performance vector in Eq. (19) can be upper bounded as
Now, consider the constant stiffness case in which the control mass is locked at a given position d. As a result, the overall stiffness is constant for the entire trajectory of the system. For this case, the dynamics in Eq. (2) reduces to
Here, the corresponding dynamics of the control mass has been eliminated.
Let
be the equilibrium value of the reduced state vector q 1 . After using the Mean Value Theorem, the closed-loop dynamics in Eq. (29) is expressed as
Lemma 1: The matrix
is positive definite, where m
Proof. Let λ be an eigenvalue of P. It follows that λ ∈ R, since P is symmetric. The characteristic polynomial of P is given by
1 , which implies that λ = 1 is NOT an eigenvalue of P. Suppose without loss of generality that λ 1, then
Thus there exists an eigenvalue λ m of M such that
which implies that
from which it follows that λ > 0. Since P is symmetric, the conclusion follows.
Remark It follows from Rayleigh-Ritz Inequality that
where p 1 = λ min {P}, and p 2 = λ max {P}. 
Theorem 1. If the matrix
and
Proof. Consider the energy function
Taking time derivative of Eq. (49) and using the skew symmetric property in Eq. (6) yieldṡ
Using the property in Eq. (5) yieldṡ
which after using the negative definiteness of H 1 yieldṡ
Take
When V(χ 1 ) = 0, it can be verified (Khalil, 1996) that
where D + denotes the upper right hand differentiation operator. Hence
for all values of V(χ 1 ). Next using comparison (Lemma 3.4, Khalil, 1996) yields
Thus
Lastly, after using the inequality in Eq. (28), the L 2 -norm of the performance vector can be upper bounded as
Remark The L 2 -gain of the system decreases with increasing h 1 . This means that the more the negative definiteness of H 1 , the more the disturbance rejection achievable by the system.
The following theorem gives the bounds on achievable γ.
Theorem 2.
Given an attenuation level γ, and provided that the performance weights are selected to satisfy the sufficient condition
then the closed loop error system in Eq. (32) is γ-dissipative with respect to the supply rate
Proof. Consider the energy storage function in (49). Taking first time-derivate, and adding and subtracting the supply rate yieldṡ
After using the inequality in Eq. (62)
which implies that the closed loop error system in Eq. (32) is γ-dissipative.
Remark
The inequality in Eq. (62) shows that the level of performance achievable is limited by the amount of damping and stiffness available in the system. It will be shown in subsequent sections that this limit can be pushed further by using a variable stiffness architecture. The lower bound in Eq. (62) is termed "best-case-gain". It defines the smallest gain achievable by the system. The stiffness and damping matrices K 1 , and B 1 contain bounded functions of state and uncertain dynamic parameters which range between bounded values. Thus the bestcase gain of the system with constant stiffness can be lower bounded as
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where h * 1 is the smallest positive number larger than the smallest singular value of H 1 , and γ 1 is termed the "robust best-case gain".
Passive variable stiffness case
Here, the control mass is allowed to move under the influence of a restoring spring and damper forces. There is no external force generator added to the system. As a result, the system response is purely passive. Let k u and b u be the spring constant and damping coefficient of the restoring spring and damper respectively. The control force u is then given by
and the resulting dynamics of the control mass is given by
and the static equilibrium equation for the control mass is given by
where d 0 is the equilibrium position of the control mass, and l 0 d is the free length of the restoring spring. Let
be the displacement of the control mass from its equilibrium position. Substituting Eq. (69) into Eq. (67) and using the Mean Value Theorem yields
Now, consider the energy function
where,
is positive definite, with m 2 < λ min {M}. Taking the first time derivative of Eq. (74), and following a similar procedure as in the constant stiffness case in the previous section yieldṡ
Now, the robust best-case gain of the system with a passive variable stiffness is given by
where h * 2 is the smallest positive number larger than smallest singular value of H 2 . Here, the spring constant k u , and the damping coefficient b u of the control mass restoring springdamper system can be chosen such that γ 2 < γ 1 . Thus, a better performance can be achieved just by letting the stiffness vary naturally using a spring-damper system. This claim is supported subsequently by experimental and simulation results. This is a very appealing result due to its practicability. No additional electronically controlled or force generating device is required, only mechanical elements like the spring and damper are used.
Experiment
The experimental setup is shown in Fig. 4 . It is a quarter car test rig scaled down to a ratio of 1:10 compared to an average passenger car in (NHTSA, 2004 . The quarter car body is allowed to translate up-and-down along a rigid frame. This was made possible through the use of two pairs of linear motion ball-bearing carriages, with each pair on separate parallel guide rails. The guide rails are fixed to the rigid frame and the carriages are attached to the quarter car frame. The quarter car frame is made of 80/20 aluminium framing and then loaded with a solid steel cylinder weighing approximately 80 lbs. The horizontal and vertical struts are the 2011 Honda PCX scooter front suspensions. The road generator is a simple slider-crank mechanism actuated by Smartmotor ® SM3440D geared down to a ratio of 49 : 1 using CMI ® gear head P/N 34EP049. Three accelerometers are attached, one each to the quarter car frame, the wheel hub, and the road generator. Data acquisition was done using the MATLAB data acquisition toolbox via NI USB-6251. Experiments were performed for the passive case, where the horizontal strut is just a passive spring-damper system, and also for the fixed stiffness case, where the top of the vertical strut is locked in a fixed position. This position is the equilibrium position of the passive case when the system is not excited.
Two tests were carried out; sinusoidal, and drop test. For the sinusoidal test, the road generator is actuated by a constant torque from the DC motor. As a result, the quarter car frame moves up and down in a sinusoidal fashion. To facilitate a good comparison of the observations, the "approximate gain" of the system defined as
where z(t) is the signal of interest, and r(t) is the road acceleration signal, is numerically computed. The signals of interest are the frame acceleration and tire deflection acceleration signals. The experimental procedure was repeated multiple times in order to verify the repeatability of the experiment. Figures 5 and 6 show the box plots of the approximate gain distributions for the fixed stiffness and passive variable stiffness cases. It is seen that the worst and best case gains for the fixed stiffness are higher than those of the passive variable stiffness case, thereby confirming the analytical result obtained earlier that the variable stiffness achieves better dissipation. For the drop test, the suspension system was dropped to the ground 1 from a fixed height (6 inches from the equilibrium position and the wheel was not in contact with the ground). The resulting quarter car body acceleration and tire deflection accelerations were recorded. This test examines the response of the system to initial conditions. Figures 7 and 8 shows the car body acceleration responses and tire deflection acceleration responses for the fixed and variable stiffness cases. 
Simulation
In order to study the behavior of the quarter car system at full scale as well as responses like suspension deflection, which were difficult to measure experimentally, and excitation scenarios that are difficult to implement experimentally, realistic simulations were carried out using MATLAB Simmechanics Second Generation. First, the system was modeled in Solidworks as shown in Fig. 9 . Next, the Simmehanics model was developed. The mass/inertia properties used are the ones generated from the Solidworks model. The vertical strut and tire damping and stiffness used are the ones given in the "Renault Mégane Coupé" model (Zin et al., 2004) . The values are given in Table 2 .
Time domain simulation
In the time domain simulation, the vehicle traveling at a steady horizontal speed of 40 mph is subjected to a road bump of height 8 cm. The Car Body Acceleration, Suspension Deflection, and Tire Deflection responses are compared between the constant stiffness and the passive variable stiffness cases. For the constant stiffness case, the control mass was locked at three different locations (d = 40 cm, d = 45.56 cm and d = 50 cm). The value d = 45.56 cm is the equilibrium position of the control mass. Next, a simulation is performed for the passive case. The results are reported in Figs. 10, 11 and 12 which are the the car body acceleration, suspension deflection, and tire deflection responses, respectively. Figure 13 shows the position history of the control mass for the passive variable stiffness case.
Frequency domain simulation
For the frequency domain simulation, an approximate frequency response from the road disturbance input to the performance vector given in Eq. (19), is computed using the notion of variance gain (Schoukens et al., 2001; Stack and Doyle, 1995) . The approximate variance gain is given by 
G( jω)
where z denotes the performance measure of interest which is taken to be car body acceleration, suspension deflection, and tire deflection. The closed loop system is excited by the sinusoid r = A sin(ωt), t ∈ [0, 2πN/ω], where N is an integer big enough to ensure that the system reaches a steady state.
The corresponding output signals were recorded and the approximate variance gains were computed using Eq. (84). Figures 14, 15, and 16 show the variance gain plots for the car body acceleration, suspension deflection, and tire deflection respectively. The figures show that the variable stiffness suspension achieves better vibration isolation in the human sensitive frequency range (4-8 Hz) (ISO 2631-1, 1997), and better handling beyond the tire hop frequency (> 59 Hz) (Fialho and Balas, 2002) .
Conclusion
The design, analysis, and experimentation of the passive case of a new variable stiffness suspension system is presented. Using a detailed L 2 -gain analysis based on the concept of energy dissipation, it is shown that inclusion of a variable stiffness mechanism in the suspension design yields an improvement in the performance of the traditional system in terms of ride comfort, suspension deflection, and road holding. The analysis claims are supported by both experimental and simulation results. In the future, work will be done on the semi-active case, where the passive spring/damper system will be replaced with a semi-active element like the MR damper. Also, the active case will be examined, where the horizontal strut will be replaced with a force generator such as hydraulic or pneumatic actuators. Moreover, the effect of nonlinear passive elements in the horizontal strut will be considered, and possibly considering nonlinear paths for the control mass as well. The effect of variable stiffness on roll and pitch dynamics will also be examined using a half-car model. The sub-matrix of matrix A formed by rows i to j and columns k to l A i: j
The sub-matrix of matrix A formed by rows i to j and all columns tr{A} The trace of the matrix A det{A} The determinant of the matrix A L s (q 1 , q 2 )
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